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Abstract
The main purpose of this paper is to give an affirmative answer to a conjecture of Huneke [C. Huneke,
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1. Introduction
Throughout this paper we always use R to denote a commutative, noetherian ring. We will
use R◦ to denote the complement of the union of the minimal primes of R.
The main purpose of the paper is to prove that a conjecture of Huneke [Hu] concerning the
uniform annihilators of the homology of some special complexes of finitely generated free mod-
ules over an excellent ring is true. Before stating the conjecture we need to recall some notions
and notations.
Let
F. : 0 → Fn fn−→ Fn−1 → ·· · → F1 f1−→ F0
be a complex of finitely generated free R-modules. We say that F. satisfies the standard condition
on rank if rank(fn) = rank(Fn), and rank(fi+1) + rank(fi) = rank(Fi) for 1  i < n. Here we
think fi as given by a matrix Ai , and the rank of fi is the determinantal rank of Ai . Let I (fi) be
the ideal generated by the rank-size minors of Ai . We say that F. satisfies the standard condition
E-mail address: zhoucj@shnu.edu.cn.0021-8693/$ – see front matter © 2007 Published by Elsevier Inc.
doi:10.1016/j.jalgebra.2007.01.046
C. Zhou / Journal of Algebra 315 (2007) 286–300 287on height if ht(I (fi)) i for all i. Note that the height of an ideal I is ∞ if I = R. We define
CM(R) to be the set of all elements x ∈ R such that for all complexes F. of finitely generated
free R-modules satisfying the standard conditions on height and rank, xHi (F.) = 0 for all i  1.
As an easy consequence of Buchsbaum–Eisenbud criterion theorem for exactness of a free
complex [BE], it follows that CM(R) = R if R is a CM ring. One of the important questions
concerning CM(R) is when CM(R) is not contained in any minimal prime ideal of R.
Hochster and Huneke discovered that the existence of such annihilator is of great importance
in solving the problems such as the existence big Cohen–Macaulay algebras [HH2], phantom
homology in characteristic p [HH1], and a uniform Artin–Rees theorem [Hu]. Motivated by
these results, Huneke [Hu, Conjecture 2.13] raised the following conjecture.
Conjecture 1.1. Let R be a locally equidimensional excellent ring of finite dimension d . Then
CM(R) is not contained in any minimal prime ideal of R.
Another notion closely related to CM(R) is the notion of uniform local cohomological anni-
hilators. Let I be an ideal of R and M an R-module, we will write HiI (M) for the ith local coho-
mology module of M with support in V(I ) = {P ∈ Spec(R) | P ⊇ I } (cf. [Gr,Sh]). Recall that an
element x of R◦ is said to be a uniform local cohomological annihilator of R, if for every maxi-
mal ideal m, x kills Him(R) for all i less than the height of m. Moreover, we say that x is a strong
uniform local cohomological annihilator of R if x is a uniform local cohomological annihilator
of RP for every prime ideal P of R. Moreover, a local noetherian ring R is said to be equidi-
mensional if dim(R) = dim(R/P ) for all minimal primes P of R, and thus a noetherian ring R
is said to be locally equidimensional if Rm is equidimensional for every maximal ideal m of R.
It is implicit in [HH1] that a power of a strong uniform local cohomological annihilator of R is
an element of CM(R). Since for each positive integer n, the Koszul complex of every sequence
xn1 , x
n
2 , . . . , x
n
k in R with ht(x1, x2, . . . , xk) = k is a complex satisfies the standard conditions
on height and rank, one can see easily an element x ∈ CM(R) ∩ R◦ is also a strong uniform
local cohomological annihilator of R. In [Zh], Zhou proves that a power of a uniform local
cohomological annihilator of R is a strong uniform local cohomological annihilator of R. Thus
the question whether CM(R) is not contained in any minimal prime ideal of R is equivalent
to that whether R has a uniform local cohomological annihilator, and Huneke’s conjecture is
equivalent to the following conjecture.
Conjecture 1.2. Let R be a locally equidimensional excellent ring of finite dimension. Then R
has a uniform local cohomological annihilator.
The main goal of the paper is to prove the following result, which shows that Conjecture 1.1
is true for excellent rings.
Theorem 3.6. Let R be an excellent ring of finite dimension d . Then the following conditions are
equivalent:
(i) R has a uniform local cohomological annihilator;
(ii) R is locally equidimensional.
A traditional way of studying uniform local cohomological annihilators is to make use of the
dualizing complex over a local ring. Roberts initiated this method in [Ro]. By means of this
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is a homomorphic image of a Gorenstein ring of finite dimension, then R has a strong uniform
local cohomological annihilator. We know many rings without dualizing complex. For example,
a ring having a dualizing complex must be universal catenary. Therefore non-catenary ring have
no dualizing complex. However, by passing to completion, Hochster and Huneke [HH2] show
that an unmixed, equidimensional excellent local ring has a strong uniform local cohomological
annihilator. We refer the reader to [Fa,Ra,Sc] for more information about the local cohomological
annihilator.
In [Zh], the author developed a different method to treat the problem about the uniform local
cohomological annihilator. One of the main results of [Zh] states that a locally equidimensional
noetherian ring R of finite dimension has a uniform local cohomological annihilator if and only
if R/P has the same property for every minimal prime P of R. As an easy consequence of
this result, we established that if a locally equidimensional noetherian ring R is a homomorphic
image of a Cohen–Macaulay (abbr. CM) ring of finite dimension or an excellent local ring, then
R has a uniform local cohomological annihilator. Moreover, we proved that Conjecture 1.2 is
valid, provided that d is no more than five.
The main technique of the paper is an improvement and refinement of the technique used in
[Zh, Section 4]. One of the tools we shall use is a further refinement of a technical generalization
of the sufficiency of the Buchsbaum–Eisenbud criterion for acyclicity of free complexes devel-
oped by Hochster and Huneke [HH1]. The treatment we use is quite different from that in [HH1].
The theory of approximately CM local rings established by Goto [Go] plays an important role in
this paper. We will make a technical use of a Goto’s theorem to conclude that there is an open
subset U of Spec(R) such that RP having a uniform local cohomological annihilator x for every
P ∈ U .
2. Uniform local cohomological annihilator
In this section, we develop a crucial tool of the paper, which is a generalization of a result
of Hochster and Huneke [HH1, Theorem 11.3] and enables us to give an inductive proof of
Conjecture 1.2 in the next section. The treatment is quite shorter and quite direct than the rather
technical proof given by Hochster and Huneke.
We begin with recalling and proving some results about uniform local cohomological annihi-
lators established in [HH1,Zh].
Proposition 2.1. Let R be a noetherian of finite dimension d and x ∈ R◦ a uniform local coho-
mological annihilator of R. Then
(i) R is locally equidimensional and universally catenary.
(ii) There exists a positive integer n such that xn is a strong uniform local cohomological anni-
hilator of R.
(iii) Rx is a CM ring.
(iv) R is a local ring with the unique maximal ideal m, then x is also a uniform local cohomo-
logical annihilator of Rˆ, where Rˆ stands for the m-adic completion of R.
The conclusions of (i), (ii) and (iii) come from [Zh, Theorem 2.1, Theorem 2.2 and Corol-
lary 2.3]. The proof of (iv) is contained in the proof of [Zh, Theorem 2.2].
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annihilator x. By [HH1, Theorem 11.4(b)], there exists a positive integer n such that for every
sequence x1, x2, . . . , xr of R with ht(x1, x2, . . . , xr )  r , xn kills Hi (xt1, . . . , xtr ;R) for every
i > 0 and for all positive integers t . Here, Hi (xt1, x
t
2, . . . , x
t
r ;R) denotes the Koszul homology
group. Hence it follows from [HH1, Theorem 11.3] that a fixed power of xn lies in CM(R).
Since for each positive integer n, the Koszul complex of every sequence xn1 , x
n
2 , . . . , x
n
k in R
with ht(x1, x2, . . . , xk) = k is a complex satisfying the standard conditions on height and rank,
one can prove easily that the converse of this result is also true. Thus we have:
Theorem 2.2. Let R be a noetherian ring of finite dimension d . Then the following conditions
are equivalent.
(i) CM(R) is not contained in any minimal prime ideal of R;
(ii) R has a uniform local cohomological annihilator.
The proof of [HH1, Theorem 11.3] is rather technical. In the following we will present a new
proof of Theorem 2.2. We first prove a quite general result, which is a generalization of [HH1,
Theorem 11.3] and will play a key role in the next section.
Proposition 2.3. Let R be a noetherian ring of finite dimension d and x be an element of R. Let
r be a positive integer such that for all prime ideals P , xHiPRP (RP ) = 0 for i < min(r,ht(P)).
Let
F.: 0 → Fn fn−→ Fn−1 → ·· · → F1 f1−→ F0 (2.1)
be an arbitrary complex of finitely generated free R-modules satisfying the standard conditions
on height and rank. If n r , then xdd Hi (F.) = 0 for i > 0.
Proof. We will use induction on d to prove the conclusion. Clearly, we may assume R is a local
ring with the unique maximal ideal m. If d = 0, there is nothing to prove. So we assume d > 0
in the following proof.
For d = 1, it is clear by the choice of F., H1(F.) is an R-module of finite length. So H1(F.)
is contained in H0m(F1). The conclusion holds because xH 0m(F1) = 0, and this proves the case
d = 1.
Now, we assume d  2. Suppose that the conclusion holds for those local rings having less
dimension. For any prime ideal P of R with P = m, we set e = ht(P ). It is easy to check that the
localization (F.)P of F. is also a complex of finitely generated free RP -modules satisfying the
standard conditions on height and rank. Moreover, If n e, by the induction hypothesis, we have
x(d−1)d−1Hi ((F.)P ) = 0 for i > 0. Now, we assume n > e. From the definition of a complex of
finitely generated free R-modules satisfying the standard conditions on height and rank and the
theory of linear algebra (cf. [BE]), one can see easily
0 → (Fn)P fn−→ (Fn−1)P → ·· · → coker(fe+1)P → 0
is a splitting exact complex and coker(fe+1)P is a finitely generated free RP -module. Thus we
may obtain a complex (F ′.)P
0 → coker(fe+1)P f
′
e−→ (Fe−1)P → ·· · → (F1)P f1−→ (F0)P
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Hi
(
(F.)P
) 
 Hi
(
(F ′.)P
)
for all i  0. Put t = (d − 1)d−1. So by the induction hypothesis again, we have
xtHi
(
(F ′.)P
) = 0
for i > 0, and thus
xtHi
(
(F.)P
) = 0
for i > 0.
Note that we have just proved that for any prime ideal P of R with P = m
xtHi
(
(F.)P
) = 0
for i > 0. Hence xtHi (F.) are artinian modules for i > 0.
Just as we proved in the above, we can replace (F.) by a complex (F ′.) of finitely generated
free R-modules satisfying the standard conditions on height and rank such that the length of (F ′.)
is no more than d . So in the following proof we assume n d . Hence, it is clear nmin(r, d).
Put Hi = Hi (F.) for 0 i  n. For each i (0 < i  n), let us consider the short exact sequence
0 → (0 :Hi xt ) → Hi → xtHi → 0.
It induces a long exact sequence of local cohomology
· · · → Hjm
(
0 :Hi xt
) → Hjm(Hi) → Hjm
(
xtHi
) → Hj+1m
(
0 :Hi xt
) → ·· · .
Since xtHi is artinian, we have Hjm(xtHi) = 0 for all j > 0, and thus
xtHjm(Hi) = 0 for j > 0. (2.2)
Write Zi = ker(fi) for 1 i  n and Bi = im(fi+1) for 0 i < n. It is easy to see that
xH0m(Zi) = 0 for 1 i  n. (2.3)
Claim. For any i (0 i  n− 1), we have
(1) x(i+1)(t+1)Hn−i = 0;
(2) x(i+1)t+iHjm(Zn−i ) = 0 for j < n− i + 1.
Proof. We will use induction on i to show the claim.
For i = 0, we have Hn = Zn. Note that xtZn is an artinian submodule of the R-module Zn. By
(2.3), one can conclude easily that xH0m(xtZn) = 0. Thus xt+1Zn = 0 because of H0m(xtZn) =
xtZn, and this proves (1). It is clear that (2) follows from (2.2). Hence the claim is true for i = 0.
Suppose that, for 0 i  n− 2, we have proved
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x(i+1)t+iHjm(Zn−i ) = 0 for j < n− i + 1. (2.5)
Now for the case i + 1, let us consider the following short exact sequence
0 → Zn−i → Fn−i → Bn−i−1 → 0.
It induces the long exact sequence
· · · → Hjm(Zn−i ) → Hjm(Fn−i ) → Hjm(Bn−i−1) → Hj+1m (Zn−i ) → ·· · .
By the assumption of n, we have xHjm(Fn−i ) = 0 for j < n. So we conclude by (2.5) that
x(i+1)t+i+1Hjm(Bn−i−1) = 0 for j < n− i. (2.6)
Clearly, there is a short exact sequence
0 → Bn−i−1 → Zn−i−1 → Hn−i−1 → 0,
and thus we get a long exact sequence
· · · → Hjm(Zn−i−1) → Hjm(Hn−i−1) → Hj+1m (Bn−i−1) → ·· · .
Note that n− i > 0. By (2.2), (2.3) and (2.6), we assert
x(i+2)t+i+1Hjm(Zn−i−1) = 0 for j < n− i,
and
x(i+1)t+i+2H0m(Hn−i−1) = 0. (2.7)
Hence we obtain the desired equality (2) for the case i+1. For (1), as n− i−1 > 0, xtHn−i−1 is
an artinian submodule of Hn−i−1, it implies xtHn−i−1 ⊆ H0m(Hn−i−1). So by (2.7), we conclude
x(i+2)(t+1)Hn−i−1 = 0.
This proves (1) in the case i + 1. Therefore the claim is valid by induction. 
Let us continue the proof of the proposition. By the claim and n d , it is clear xd(t+1)Hi = 0
for i > 0. Recalling that t = (d − 1)d−1 and d  2, it is easy to check dd − dt − d  0. Hence
xd
d
Hi = 0 for all i > 0, and the proof of the conclusion is now complete. 
Now, we turn to the proof of Theorem 2.2.
Proof. (i) ⇒ (ii). Choose an element x ∈ CM(R) such that x lies in no minimal prime of R. It
suffices to prove that for any maximal ideal m
xHim(Rm) = 0
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ht(x1, x2, . . . , xr ) = r . Put I = (x1, x2, . . . , xr ).
It is easy to check that the Koszul complex of R on xt1, x
t
2, . . . , x
t
r , K•(xt1, x
t
2, . . . , x
t
r ;R), is
a complex of finitely generated free R-modules satisfying the standard conditions on height and
rank for every positive integer t . By the choice of x, we conclude that
xHi
(
xt1, x
t
2, . . . , x
t
r ;R
) = 0
for all i > 0 and for all t > 0. Therefore
xHiI (R) = x limt→∞ Hr−i
(
xt1, x
t
2, . . . , x
t
r ;R
) = 0
for i > 0. Localizing at m, we conclude that
xHimRm(Rm) = x
(
HiI (R)
)
m
= 0
for i < r , and this proves (i) ⇒ (ii).
(ii) ⇒ (i). By Proposition 2.1(ii), there exists x ∈ R◦ such that for any prime ideal P of R
xHiPRP (RP ) = 0 for i < ht(P ).
We will prove that xdd lies in CM(R).
Let
F. : 0 → Fn fn−→ Fn−1 → ·· · → F1 f1−→ F0 (2.1)
be an arbitrary complex of finitely generated free R-modules satisfying the standard conditions
on height and rank. Clearly, for every prime ideal P of R, we have
xHiPRP (RP ) = 0
for i < min(n,ht(P )). By Proposition 2.3, xdd lies in CM(R), and this proves (ii) ⇒ (i). 
3. Main result
In this section, we will prove that Conjecture 1.2 is true for any locally equidimensional
excellent ring of finite dimension.
Let R be an excellent ring of dimension d > 0. For any prime ideal P of R, the regular locus
of R/P is a non-empty open subset of Spec(R/P ), and so there exists a non-empty open subset
U of Spec(R/P ) such that for any Q ∈ U , (R/P )Q is CM. By Nagata Criterion for openness,
we conclude that the CM locus of R is open in Spec(R) (see [Ma, Theorem 24.5]). Moreover, as
every minimal prime ideal P of R lies in the CM locus of R, we assert that the CM locus of R is
a non-trivial open set in Spec(R). Hence we can choose an element x ∈ R◦ such that Rx is a CM
ring.
It is known that Conjecture 1.2 is valid for an equidimensional excellent local ring [Ka, Propo-
sition 2.3], [Zh, Corollary 3.3]. Since it will play an important role in the proof of the main result
of the paper, we quote it as a lemma and give it a proof for completeness.
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such that Rx is CM. Then a power of x is a uniform local cohomological annihilator of R.
Proof. As R is an equidimensional excellent local ring, it is easy to check that the m-adic com-
pletion Rˆ of R is equidimensional. Since Rx is CM, one has that (Rˆ)x is CM because the fibers
of R → Rˆ are regular.
According to Cohen Structure Theorem for complete ring, one can write Rˆ = S/I , where S is
a Gorenstein local ring of dimension d . By convention, we still use x to denote a inverse image
of x in S. Note that the height of every minimal prime of I is zero and x is not contained in any
minimal prime of I . Since (Rˆ)x is CM and locally equidimensional, we have ExtiS(Rˆ, S)x = 0
for all i > 0 by local duality. Thus there is a power xn such that xn ExtiS(Rˆ, S) = 0 for i > 0. By
local duality again we have xnHi
mRˆ
(Rˆ) = 0 for i < d . Observe that Hi
mRˆ
(Rˆ) = Him(R). We have
proved xn is a uniform local cohomological annihilator of R. 
Let R be a locally equidimensional excellent ring of finite dimension and x ∈ R◦ be an ele-
ment such that Rx is CM. By Lemma 3.1, for any maximal ideal m of R, there exists a positive
integer nm such that xnmHim(R) = 0 for i < ht(m). Clearly, the integer nm may be dependent on
m. To solve Conjecture 1.2, it suffices to find a positive integer n such that it is independent on
the choices of the maximal ideals m. Nevertheless, we have the following useful corollary.
Corollary 3.2. Let R be a locally equidimensional excellent ring of dimension d and x be an
element of R◦ such that Rx is a CM ring. If T is a finite set of prime ideals of R, then there exists
a positive integer n such that for any P ∈ T , xnHiPRP (RP ) = 0 for i < ht(P).
In the proof of the main result of this section, we depend heavily on the following Goto’s
theorem [Go, Theorem 1.1] concerning the approximately CM local rings.
Proposition 3.3. Let (R,m) be a local ring of dimension d and x is an element of m with
(0 : x) = (0 : x2). Then the following conditions are equivalent.
(i) R/xnR is a CM ring of dimension d − 1 for every integer n > 0;
(ii) R/x2R is a CM ring of dimension d − 1.
Now, we present a useful lemma which is an slight variation of [Zh, Lemma 4.5] and enables
us to obtain the annihilators of some local cohomology modules. It can be proved similarly as
the proof of [Zh, Lemma 4.5].
Lemma 3.4. Let (R,m) be a noetherian local ring of dimension d . Let x1, x2, . . . , xr , xr+1 be a
part of system of parameters in m and x an element in m. Suppose that
(i) H 0m(R/(xn11 , xn22 , . . . , xnrr )) = 0;
(ii) For 1 i  r , x((xn11 , xn22 , . . . , x
ni−1
i−1 ) : xnii ) ⊂ (xn11 , xn22 , . . . , xni−1i−1 ) hold for all positive in-
tegers n1, n2, . . . , nr . Then xrH im(R) = 0 for i < r + 1.
The following lemma is an easy consequence of Proposition 2.3, which will play a key role in
the rest of the paper.
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Let r be a positive integer such that r  d and for all prime ideals P , xHjPRP (RP ) = 0 for i <
min(r,ht(P)). Let x1, x2, . . . , xk be a sequence of R such that k  r and ht(x1, x2, . . . , xk) k.
Then xdd kills Hi (x1, x2, . . . , xk;R) for i > 0. Consequently
xd
d ((
x
n1
1 , x
n2
2 , . . . , x
nk−1
k−1
) : xnkk
) ⊆ (xn11 , xn22 , . . . , xnk−1k−1
)
for all positive integers n1, n2, . . . , nk .
Proof. It is easy to check that the Koszul complex K•(x1, x2, . . . , xk;R) on x1, x2, . . . , xr is a
complex of finitely generated free R-modules satisfying the standard conditions on height and
rank. So by Proposition 2.3, we have xdd kills Hi (x1, x2, . . . , xk;R) for i > 0. The last statement
follows from the earlier statements. We need only consider the case where the exponents are
all 1, since the sequence is arbitrary. If z ∈ ((x1, x2, . . . , xk−1) : xk), we can write
zxk = r1x1 + r2x2 + · · · + rk−1xk−1.
It is clear (r1, . . . , rk−1,−z) represents an element of H1(x1, x2, . . . , xk;R) and, so, is killed by
xd
d
. But then we have a relation with final entry −xdd z, which is a linear combination of trivial
Koszul relations, each of which has its final entry in (x1, x2, . . . , xk−1). This proves the last part
of the result. 
Now, we can give an inductive proof to the main result of the paper.
Theorem 3.6. Let R be an excellent ring of finite dimension d . Then the following conditions are
equivalent:
(i) R has a uniform local cohomological annihilator;
(ii) R is locally equidimensional.
Proof. (i) ⇒ (ii). Suppose that R has a uniform local cohomological annihilator. Then, by
Proposition 2.1, R is locally equidimensional. This proves (i) ⇒ (ii).
(ii) ⇒ (i). Suppose that R is locally equidimensional. We will use induction on d to prove
the conclusion. Clearly the result is trivial for d = 0, we may assume d > 0 in the rest of the
proof.
Since R is an excellent ring and d > 0, there exists an element x ∈ R◦ such that Rx is a
CM ring. We will show that a power of x is a uniform local cohomological annihilator of R.
Suppose that the conclusion of the theorem holds for all locally equidimensional excellent rings
with dimension less than d .
Let T be the set of all the associated prime ideals of R. It is well known T is a finite set.
Since Rx is CM, it follows from Corollary 3.2 that there exists a positive integer n such that
xnHiPRP (RP ) = 0 for i < ht(P ) and every prime ideal P ∈ T .
For a prime ideal P of R such that P /∈ T , it is obvious H0PRP (RP ) = 0. So we have proved
xnHiPR (RP ) = 0 (3.1)P
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Suppose that we have proved that there exist positive integers n, r such that
xnHiPRP (RP ) = 0 (3.2)
for i < min(r,ht(P )) and for all prime ideals P . Clearly such integers exist as we have seen in
the above. If r  d , then xn is a strong uniform local cohomological annihilator of R and the
conclusion follows. So in the rest of the proof, we assume r < d . We will start from (3.2) to
assert that there exists a positive integer n′ such that
xn
′
HiPRP (RP ) = 0 (3.3)
for i < min(r + 1,ht(P )) and for all prime ideals P . Then the conclusion follows by induction
on r .
Replacing x by xn, we may assume that
xHiPRP (RP ) = 0
holds for i < min(r,ht(P )) and for all prime ideals P .
Set t = dd . By Lemma 3.5 , we have for each positive integer k  r and for every sequence
y1, y2, . . . , yk of R such that ht(y1, y2, . . . , yk) = k
xt
((
y
n1
1 , y
n2
2 , . . . , y
nk−1
k−1
) : ynkk
) ⊆ (yn11 , yn22 , . . . , ynk−1k−1
)
for all positive integers n1, n2, . . . , nk .
Replacing x by xt , we may assume that
x
((
y
n1
1 , y
n2
2 , . . . , y
nk−1
k−1
) : ynkk
) ⊆ (yn11 , yn22 , . . . , ynk−1k−1
)
for all positive integers n1, n2, . . . , nk and for every sequence y1, y2, . . . , yk (k  r) of R such
that ht(y1, y2, . . . , yk) = k.
In the following proof, we put x1 = x. We will construct a special sequence x1, x2, . . . , xs+1
(s  r) of R such that s is the integer satisfying the following properties:
(1) ht(x1, x2, . . . , xi) = i for each i (1  i  s) and xs+1 is not contained in any minimal
prime ideal of (x1, x2, . . . , xs);
(2) dim(R/(x1, x2, . . . , xi)) > 0 for i < s and either dim(R/(x1, x2, . . . , xs)) = 0 or s = r ;
(3) For each i (2 i  s) and for every sequence y1, y2, . . . , yk of R with ht(x1, . . . , xi−1, y1,
y2, . . . , yk) = k + i − 1, the following
xi
((
x21 , x
2
2 , . . . , x
2
i−1, y
n1
1 , . . . , y
nk−1
k−1
) : ynkk
) ⊆ (x21 , x22 , . . . , x2i−1, yn11 , . . . , ynk−1k−1
)
hold for all positive integers n1, n2, . . . , nk ;
(4) For each i (1 i  s)
(
R/
(
x
n1
1 , x
n2
2 , . . . , x
ni
i
))
P
is a CM ring for every prime ideal P with xi+1 /∈ P and for every sequence n1, n2, . . . , ni of
positive integers.
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than d . If dim(R/(x1)) = 0, we can choose x2 to be an arbitrary fixed element of R which is
not contained in any minimal prime of (x1), and the construction is complete. Now, we assume
dim(R/(x1)) > 0. Since R/(x21) is still an excellent ring, we can find a non-unit element x2 ∈ R
such that ht(x1, x2) = 2 and (R/(x21))P is CM for every prime ideal P with x2 /∈ P . By the choice
of x1, we have (0 : x21) = (0 : x1). Hence we conclude that by Proposition 3.3, (R/(xn11 ))P are
CM for every prime ideal P with x2 /∈ P and all positive integers n1. This ends the construction
in the case r = 1
Now, we assume r  2. If dim(R/(x1)) = 0, we can choose x2 to be an arbitrary fixed element
of R which is not contained in any minimal prime of (x1), and the construction is complete. Now
we assume dim(R/(x1)) > 0. Just as in the proof of the case r = 1, we can choose an element
x′2 ∈ R such that ht(x1, x′2) = 2 and (R/(xn11 ))P are CM for every prime ideal P with x′2 /∈ P and
all positive integers n1.
Suppose that we have finished the construction of x1, x2, . . . , xi for some 1  i  r and an
element x′i+1 such that
(5) x′i+1 is not contained in any minimal prime ideal of (x1, x2, . . . , xi) and dim(R/(x1, . . . ,
xj )) > 0 for j < i.
(6) For every sequence y1, y2, . . . , yk of R with ht(x1, . . . , xi−1, y1, y2, . . . , yk) = k + i − 1,
the following
xi
((
x21 , . . . , x
2
i−1, y
n1
1 , . . . , y
nk−1
k−1
) : ynkk
) ⊆ (x21 , . . . , x2i−1, yn11 , . . . , ynk−1k−1
)
hold for all positive integers n1, n2, . . . , nk .
(7) For every prime ideal P with x′i+1 /∈ P
(
R/
(
x
n1
1 , x
n2
2 , . . . , x
ni
i
))
P
is a CM ring for every sequence n1, n2, . . . , ni of positive integers.
If i + 1 = r + 1 or dim(R/(x1, x2, . . . , xi)) = 0, we set s = i and we may choose xs+1 to be
x′i+1. Now, we assume i + 1 < r + 1 and dim(R/(x1, x2, . . . , xi)) > 0.
It is clear dim(R/(x21 , . . . , x
2
i ))  1 and R/(x21 , . . . , x2i ) is also an excellent ring of dimen-
sion less than d . By the induction hypothesis and Proposition 2.1, we can choose an element
x′′i+1 such that its image in R/(x21 , . . . , x2i ) is a strong uniform local cohomological annihi-
lator of R/(x21 , . . . , x
2
i ). By Lemma 3.5, we have for every sequence y1, y2, . . . , yk such that
ht(x1, . . . , xi, y1, . . . , yk) = i + k and the following
x′′i+1t
((
x21 , . . . , x
2
i , y
n1
1 , . . . , y
nk−1
k−1
) : ynkk
) ⊆ (x21 , . . . , x2i , yn11 , . . . , ynk−1k−1
)
hold for all positive integers n1, n2, . . . , nk .
Put xi+1 = x′′i+1t x′i+1. Replacing xi+1 by a suitable power of it if necessary, we may assume
that
((
x21 , . . . , x
2
i
) : x2i+1
) = ((x21 , . . . , x2i
) : xi+1
)
. (3.4)
It is easy to check that xi+1 satisfies the desired properties (1) and (2). Note that i + 1 < r + 1. It
implies dim(R/(x2, . . . , x2 )) 1. As R/(x2, . . . , x2 ) is still an excellent ring of dimension1 i+1 1 i+1
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ideal P with x′i+2 /∈ P . Observe that xi+1 satisfies (3.4). We can assert that by Proposition 3.3
(
R/
(
x21 , . . . , x
2
i , x
ni+1
i+1
))
P
are CM for every prime ideal P with x′i+2 /∈ P and for all positive integers ni+1. By the choice
of xi , we have the following
((
x21 , . . . , x
2
i−1, x
ni+1
i+1
) : x2i
) = ((x21 , . . . , x2i−1, xni+1i+1
) : xi
)
hold for all positive integers ni+1. It follows from Proposition 3.3 again that (R/(x21 , . . . , x2i−1,
x
ni
i , x
ni+1
i+1 ))P are CM for every prime ideal P with x′i+2 /∈ P and for all positive integers ni, ni+1.
Continue the process, one can see that (R/(xn11 , . . . , x
ni
i , x
ni+1
i+1 ))P is a CM ring for every prime
ideal P with x′i+2 /∈ P and for every sequence n1, n2, . . . , ni+1 of positive integers. This ends of
the construction of xi+1, and the construction of x1, x2, . . . , xs+1 is complete by induction.
In the following proof, we will make use of x1, x2, . . . , xs+1 to assert that there exists a posi-
tive integer n′ such that (3.3) holds. Let us begin with proving three claims.
Claim 1. Let T1 be the set of all associated prime ideals of the R-module R/(x21 , . . . , x2s ). Then
for every sequence n1, n2, . . . , ns of positive integers with ni  2 (1 i  s), every associated
prime ideal of R/(xn11 , . . . , x
ns
s ) lies in T1.
Proof. We will prove the conclusion by induction on n = n1 + n2 + · · · + ns . Clearly, if n = 2s,
the conclusion holds by the assumption. In the following we assume n > 2s.
Let n1, n2, . . . , ns be an arbitrary fixed integers with ni  2 (1  i  s). Put n = n1 + n2 +
· · · + ns . Suppose that we have proved the conclusion for those modules R/(xn
′
1
1 , . . . , x
n′s
s ) with
n′1 +n′2 +· · ·+n′s < n. It is easy to see one of n1, n2, . . . , ns is larger than 2. Let i be the positive
integer such that for 1 j < i, nj = 2 and ni  3.
Suppose that P is an associated prime ideal of R/(x21 , . . . , x
2
i−1, x
ni
i , . . . , x
ns
s ) and P /∈ T1.
Localizing at P if necessary, we may assume that R is a local ring with the unique maximal ideal
P . Let c /∈ (x21 , . . . , x2i−1, xnii , . . . , xnss ) be an element satisfying
Pc ⊆ (x21 , . . . , x2i−1, xnii , . . . , xnss
)
.
We can express
c = x21c1 + · · · + x2i−1ci−1 + xni−1i ci + xni+1i+1 ci+1 + · · · + xnss cs
by the induction hypothesis. For an arbitrary element z ∈ P , it implies that there exists c′i ∈ R
such that
x
ni−1
i
(
zci − xic′i
) ∈ (x21 , . . . , x2i−1, xni+1i+1 , . . . , xnss
)
.
By the choice of xi , it is easy to see that
zxici ∈
(
x21 , . . . , x
2
i−1, x2i , x
ni+1 , . . . , xnss
)
.i+1
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Pxici ⊆
(
x21 , . . . , x
2
i−1, x2i , x
ni+1
i+1 , . . . , x
ns
s
)
.
Since 2i + ni+1 + · · · + ns < n, we conclude by the induction hypothesis that
xici ⊆
(
x21 , . . . , x
2
i−1, x2i , x
ni+1
i+1 , . . . , x
ns
s
)
.
Consequently, c ∈ (x21 , . . . , x2i−1, xnii , . . . , xnss ), and this is a contradiction. Therefore P ∈ T1, and
the proof of the claim is complete. 
Claim 2. For any prime ideal P such that P does not contain any element of (x1, x2, . . . , xs+1),
we have xr1H
i
PRP
(RP ) = 0 for i < ht(P ).
Proof. By the assumption there exists an element of x1, x2, . . . , xs+1 such that it is not contained
in P . Let xj be the first element of x1, x2, . . . , xs+1 such that xj /∈ P . If j = 1, RP is CM, and
the conclusion holds trivially. So in the following we assume j  2.
By the choice of the sequence x1, x2, . . . , xs, we have
(8) RP /(xn11 , . . . , x
nj−1
j−1 )RP is CM for every sequence n1, . . . , nj−1 of positive integers.
(9) For every integer 1 k  j − 1, the following
x1
((
x
n1
1 , . . . , x
nk−1
k−1
)
RP : xnkk
) ⊆ (xn11 , . . . , xnk−1k−1
)
RP
hold for all positive integers n1, . . . , nk .
Since R is a locally equidimensional excellent ring, by the construction it is clear x1, x2, . . . ,
xj−1 is a part of system of parameters of RP . Thus it follows from [Zh, Lemma 4.5] that
x
j−1
1 H
i
PRP
(RP ) = 0
for i < ht(P ). Since j  r + 1, the conclusion of the claim follows immediately. 
If s < r , then by the construction, dim(R/(x1, x2, . . . , xs)) = 0, and thus there exist only fi-
nitely many maximal ideals m, such that m ⊇ (x1, x2, . . . , xs). Let T2 be the set of such maximal
ideals. By Corollary 3.2, there exists a positive integer n′′ such that xn′′ is a uniform local coho-
mological annihilator of Rm for every maximal ideal m in T2. Set n′ = max(n′′, r). By Claim 2,
xn
′ is a strong uniform local cohomological annihilator of R, and the proof of the conclusion is
complete. So in the following, we assume that s = r .
Claim 3. Let P be a prime ideal of R such that P ⊇ (x1, . . . , xr+1) and P /∈ T1. Then
x2r+21 H
i
PRP
(RP ) = 0
for i < r + 1.
Proof. By Claim 1, P is not an associated prime of R/(xn11 , . . . , x
nr
r ) for every sequence n1, n2,
. . . , nr of positive integers with ni  2 (1 i  r). Hence
H0PR
(
RP /
(
x
n1 , . . . , xnrr
)
RP
) = 0
P 1
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x1, x2, . . . , xr by x21 , x
2
2 , . . . , x
2
r , we may assume
H0PRP
(
RP /
(
x
n1
1 , . . . , x
nr
r
)
RP
) = 0
for every sequence n1, n2, . . . , nr of positive integers. Moreover, by the choice of x1, . . . , xr the
following condition
x1
((
x
n1
1 , x
n2
2 , . . . , x
ni−1
i−1
) : xnii
) ⊆ (xn11 , xn22 , . . . , xni−1i−1
)
still holds for every i (1 i  r) and for every sequence n1, n2, . . . , nr of positive integers. By
Lemma 3.4, we conclude
xr+11 H
i
PRP
(RP ) = 0
for i < r + 1. Recalling that we have taken a replacement of x1 by x21 , so the conclusion of the
claim follows. 
Now, let us continue the proof of the theorem. It is clear T1 is a finite set. Since T1 is of finite
and Rx1 is CM, by Corollary 3.2, we conclude that there is a positive integer n′′ such that for
every prime ideal P ∈ T1
x1
n′′HiPRP (RP ) = 0 (3.5)
hold for i < ht(P ).
Put n′ = max(2r + 2, n′′). By Claim 2, Claim 3 and (3.5), we have shown that for every prime
ideals P of R
xn
′
HiPRP (RP ) = 0
hold for i < min(r + 1,ht(P )).
Hence by induction on r , we have proved there exists a positive integer n such that for every
prime ideals P of R
xnHiPRP (RP ) = 0
hold for i < min(d,ht(P )). It shows that xn is a strong uniform local cohomological annihilator
of R. This ends the proof of (ii) ⇒ (i). 
Before the end of the paper, we give an interesting result about the defining ideals of non-CM
locus of an excellent ring.
Corollary 3.7. Let R be a locally equidimensional excellent ring of finite dimension d . Let I be
a defining ideal of the non-CM locus of Spec(R). Then there exists a positive integer n such that
for every prime ideal P of R
InHiPRP (RP ) = 0
for i < ht(P) .
300 C. Zhou / Journal of Algebra 315 (2007) 286–300Proof. Clearly, the conclusion is trivial for d = 0. So we may assume d > 0. Since every minimal
prime ideal of R is not contained in V(I ), it shows ht(I ) > 0.
As one sees in the proof of Theorem 3.6 and Proposition 2.1(ii), we have shown if R is a
locally equidimensional excellent ring and x is an element R◦, then a power of x is a strong
uniform local cohomological annihilator if and only if Rx is CM. Let I ′ be the ideal generated
by all the strong uniform local cohomological annihilators of R. Suppose that I is not contained
in
√
I ′. Then there is a minimal prime ideal Q of I ′ such that I is not contained in Q. Let
P1,P2, . . . ,Pr be all the minimal prime ideal of R. Obviously, we can choose an element x ∈ I
such that x lies in no primes of Q,P1,P2, . . . ,Pr . It shows x /∈
√
I ′. Observe that Rx is CM and
thus a power of x lies in I ′. This is a contradiction. Hence it implies I ⊆ √I ′, As R is noetherian,
it is easy to show that there is a positive integer n such that In ⊆ I ′. By the definition of I ′, we
have for every prime ideal P of R, I ′HiPRP (RP ) = 0 for i < ht(P ). So InHiPRP (RP ) = 0 for
i < ht(P ) and for every prime ideal P of R. 
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